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SUMMARY: In this paper we have examined possibilities for preserving and im-
proving the total density model of the Earth's neutral thermosphere TD88 (Sehnal
and Posp¶ ³· silov¶ a 1988) via modelling di®erences between TD88 and NRLMSISE-00
(Picone et al. 2002), which is used as a control model. It is shown that these
residuals can be approximated with polyharmonic function. Starting from this we
have developed the mathematical model of the residuals to identify their origin and
possibilities to improve the TD88 model itself.
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1. INTRODUCTION
Orbital elements of the low Earth satellites
(h < 2000 km) are strongly in°uenced by the atmo-
spheric drag. For instance, the International Space
Station decays 60m per day on average and a large
part of this is due to the atmospheric drag.
This fact allows us to use the data of orbital
perturbations for studying the upper Earth atmo-
sphere, and also as a powerful aerodynamic cosmic
laboratory for studying characteristics of free molec-
ular, hyperthermal °ow which is very hard and ex-
pensive to simulate on the Earth.
This analysis can be done mainly by numer-
ical integration of equations of motion of arti¯cial
satellites and by comparison of calculated perturba-
tions with measured values. To take into account the
e®ect of atmospheric drag, we need a suitable atmo-
spheric model that can be included in the equations
of motion.
Atmospheric models can be generally divided
into three groups:
- Empirical,
- Semi-empirical,
- Analytical.
The empirical models are completely exper-
imental and they describe physical parameters of
the atmosphere obtained by di®erent kinds of mea-
surements. The semi-empirical models combine ana-
lytical formulas and experimental databases to de-
scribe the atmospheric parameters, while the an-
alytical models are completely derived from equa-
tions that describe physical processes in the atmo-
sphere under assumptions that it is possible to sim-
plify these equations and thus the solutions. The
empirical and semi-empirical models are very accu-
rate while the analytical models are less accurate,
but have a relatively simple mathematical form suit-
able for connecting them with the orbital perturba-
tion parameters. These are the reasons for continual
development of analytical models based on very ac-
curate empirical and semi-empirical models.
There are several improvements of the TD88
model (· Surlan and · Segan 2009) and they are all
based on mathematical upgrading of coe±cients of
the model without considering physical causes of the
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errors. Our objective here is to determine whether
there are some physical e®ects that are neglected in
the TD88 model and to consider if they can be built
into the model to improve its accuracy. As a measure
of success we will use estimated standard deviations
before and after improving the model.
2. THE TOTAL DENSITY TD88 MODEL
The TD88 model is an improved TD model
(Sehnal and Posp¶ ³· silov¶ a 1988, Bezd· ek and Vokrouh-
lick¶ y 2004). The air density (½) is described by the
expression
½ = fxf0k0
7 X
n=1
hngn ; (1)
where
fx = 1 + a1(Fx ¡ Fb),
f0 = a2 + fm,
fm = (Fb ¡ 60)=160,
k0 = 1 + a3(Kp ¡ 3).
To include the solar and geomagnetic e®ects and,
moreover, individual terms containing factors depen-
dent of the mean solar °ux, the terms gn are used
and they are given by the following expressions:
g1 = 1,
g2 = fm=2 + a4,
g3 = sin(d ¡ p3)sin',
g4 = (a5fm + 1)sin(d ¡ p4),
g5 = (a6fm + 1)sin2(d ¡ p5),
g6 = (a7fm + 1)sin(t ¡ p6)cos',
g7 = (a8fm + 1)sin2(t ¡ p7)cos2 '.
By these coe±cients the average density, the
individual mean solar °ux dependence, north-south
asymmetry, annual and semi-annual, diurnal and
semi-diurnal variations are covered. The height de-
pendence is described by using hn terms,
hn = Kn;0 +
3 X
j=1
Kn;j exp
Ã
120 ¡ h
29j
!
: (2)
The symbols used are: Kn;j, ai { numerical constants
of the model, pn { phases, Fx { solar °ux measured
at 10.7 cm for previous day, Fb { mean solar °ux
averaged over three solar rotations, Kp { geomag-
netic index 3 hours before the current local time, h
{ altitude, ' { latitude, and t { local time.
3. NRLMSISE-00
THERMOSPHERIC MODEL
The NRLMSISE-00 (US Naval Research
Laboratory Mass Spectrometer and Incoherent
Scatter Radar Extended) is an empirical atmo-
spheric model that extends from the ground to the
exobase. It is the upgrade of the MSISE-90 model.
This model and the associated NRLMSIS database
include the following data:
1. Total mass density from satellite accelerome-
ters and from orbit determination (including
the Jacchia and Barlier data sets),
2. Temperature from incoherent scatter radar
covering the period from 1981 to 1997,
3. Molecular oxygen number density (O2), from
solar ultraviolet occultation aboard the Solar
Maximum Mission.
The model depends upon user-provided values:
- Day,
- Time (UT),
- Altitude,
- Latitude,
- Longitude,
- Local solar time,
- Magnetic index (Ap),
- 10.7 cm solar radiation °ux index.
The outputs of the model are:
- Number densities of atmospheric constituents
(He, O, O2, N, N2, Ar, H and anomalous oxy-
gen),
- Total air density,
- Exospheric temperature,
- Temperature at given altitude.
Since this model is based on a large amount of
very precise experimental measurements, it is an ex-
cellent base for comparison and upgrading the TD88
model.
4. COMPARISON OF THE MODELS
Comparing NRLMSISE-00 and TD88 we no-
ticed that di®erences in total densities between these
two models have periodical character as it is shown
in Fig. 1.
By comparison of these models for certain lat-
itude and ¯xed physical parameters we found that a
poly-harmonic approximation is very suitable (rep-
resentative) for them
½model = A +
n X
i=1
Ci cos
µ
2¼
Ti
t + 'i
¶
(3)
where ½model is the total density obtained by
NRLMSISE-00 or TD88, A is a constant (free term),
Cis are amplitudes of the harmonics which can be
modulated, Áis are their phases and Tis are their
assumed periods.
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Fig. 1. Di®erences in total densities obtained with NRLMSISE-00 and TD88.
To determine the free term, amplitudes and
phases of the harmonics in a least squares sense, it is
necessary to linearize this equation with respect to
Cis and Áis. Then,
Ci cos
µ
2¼
Ti
t + 'i
¶
=
Ci sin
µ
2¼
Ti
¶
cos'i + Ci cos
µ
2¼
Ti
t
¶
sin'i =
Bi1 sin
µ
2¼
Ti
t
¶
+ Bi2 cos
µ
2¼
Ti
t
¶
(4)
where:
Bi1 = Ci cos';
Bi2 = Ci sin':
(5)
Calculation of the amplitudes and phases is straight-
forward now:
'i = arctan
Bi2
Bi1
;
Ci =
p
B2
i1 + B2
i2:
(6)
By substraction of two polyharmonic approximations
we get the equation of total densities di®erences be-
tween models in the form
¢½ = A +
6 X
i=1
Ci cos
µ
2¼t
Ti
+ 'i
¶
+
4 X
j=1
Cj cos
µ
2¼t
Tj + 'j
¶
(7)
where Cjs are modulated amplitudes of short-
periodic harmonics in the form
Cj = Aj +
4 X
k=1
C
j
k cos
µ
2¼t
Tk
+ '
j
k
¶
: (8)
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In Eqs. (7) and (8), free terms, amplitudes and
phases are functions of height. The periods of the
harmonics are given in the following three tables
where [h] and [y] denote hour and year respectively.
Table 1. Periods of unmodulated harmonics
i 1 2 3 4 5
[Dim] [h] [h] [y] [y] [y]
Ti 12 24
1
4
1
3
1
2
Table 2. Periods of modulated harmonics
j 1 2 3 4
[Dim] [h] [h] [h] [h]
Tj 6 8 12 24
Table 3. Periods of modulating harmonics
k 1 2 3 4
[Dim] [y] [y] [y] [y]
Tk
1
4
1
3
1
2
1
Typical dependance of amplitudes and phases on
height is shown in Fig. 2.
The standard deviation (¾) of the TD88 model
is given by
¾ =
1
N
N X
k=1
¾k =
1
N
N X
k=1
q
(½0k ¡ ½1k)
2 (9)
where ½0k is the total density obtained from
NRLMSISE-00, ½1k is the total density obtained
from TD88 model, either before or after adding the
modelled residuals (7) and N = 87600 is the num-
ber of control points (every 6 minutes throughout a
year).
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Fig. 2. Typical dependance of amplitudes and
phases on height.
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Fig. 3. The ratio between standard deviations be-
fore and after adding of residuals model to the TD88.
Since Fig. 3 shows that the modelling of resid-
uals lowers the standard deviation of the TD88 at
least by one order of magnitude, Eq. (7) allows for
comparing models and ¯nding physical origins of the
di®erences between them, and, ¯nally, improvement
of the TD88 model.
The free term in the equation shows that
TD88 doesn't correctly treat the variation of the to-
tal density with height or, in other words, the scale
height is not accurate enough.
The next four terms show that amplitudes and
phases of semidiurnal, diurnal, semiannual and an-
nual variations of atmospheric density are not de-
¯ned adequately.
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Other terms show that amplitudes of short-
periodical harmonics are modulated with long-
periodical harmonics and that modulation is not
taken into account in the TD88 model.
5. CONCLUSIONS
The above analysis indicates that the earlier
methods of improving, and thus preserving of the
TD88 model were not adequately chosen, and that
it is necessary to take into account our procedure to
¯nd an appropriate solution. In that sense, our anal-
ysis of the residuals of the TD88 from Eq. (7) shows
¯ve problems that should be addressed and possibly
solved:
1. Inadequate scale heights,
2. Errors in amplitudes and phases of semidiur-
nal, diurnal, semiannual and annual compo-
nent of the atmospheric density,
3. Absence of short-periodic harmonics (6 and 8
hours periods),
4. Absence of intermediary harmonics (3 and 4
months periods),
5. Absence of amplitude modulation of short-
periodic harmonics.
By taking into account these ¯ve aspects, the
TD88 model can be improved to a satisfactory accu-
racy within a greater interval of heights and without
increase in mathematical complexity.
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Prethodno saopxtee
U radu smo razmotrili mogunosti za
oquvae i pobo	xae modela totalne gus-
tine atmosfere (neutralne termosfere) TD88
(Sehnal and Posp¶ ³· silov¶ a 1988). Modelovali smo
rezidue modela TD88 i NRLMSISE-00 (Pi-
cone et al. 2002), (kontrolni model) i uoqili
da se oni mogu vrlo dobro aproksimirati
poliharmonijskom funkcijom. Ova qienica
nam omouuje da iskoristimo matematiqki
model rezidua, da utvrdimo ihovo poreklo
i naemo mogunost pobo	xaa modela TD88.
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